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A b s t r a c k A  simple method of approximating frequency 
Characteristics of composites in a form convenient for time- 
domain numerical modeling is proposed. The frequency 
characteristics can be obtained from experiment or calculations 
based ou the Maxwell Garnett mixing formalism. The resultant 
frequency characteristic might be of a complex shape 
corresponding to a Combination of a number of absorption peaks. 
The approximation is made by a series ofDebye-like terms using 
a genetic algorithm (GA). This leads to the necessity of taking a 
number of terms in the approximating series. Every term 
corresponds to its pole, i.e., the frequency where the maximum 
loss occurs. Some numerical examples are represented. 
Keywords- Dielectric mklures, Manvell Garnsr formalism, 
FDTD modeling, genetic algorilkm, Debye-like terms 
I. INTRODUCTION 
A multi-phase material is an inhomogeneous material 
containing one or more types of dielectric/ magnetic/ 
magnetodielectric inclusions scattered in a base, with 
constitutive parameters different from those of the inclusions 
[1,2]. An important problem of computational 
electromagnetics and study of composite materials is the 
representation of multi-phase mixtures in a form suitable for 
timedomain numerical electromagnetic codes, such as the 
Finite-Difference Time-Domain (FDTD) technique [3-51. The 
latter has become ubiquitous in recent years, because it is 
robust, user-friendly, and allows for electromagnetic modeling 
of complex structures, including those containing dispersive 
dielectric, magnetic, and magnetodielectric media. Linear 
recursive convolution (LRC) is a computationally efficient 
method for implementing linear dispersive media in FDTD 
modeling [3-51. However, the ftequency dependence of the 
material permittivity or permeability must be a rational 
function having a causal inverse Fourier (or Laplace) 
transform. The simplest models of a linear isotropic dielectric 
or magnetic material are the Debye or Lorentzian models. 
Herein, a simple method of approximating frequency 
characteristics of composite materials in a form convenient for 
timedomain numerical modeling is proposed. The frequency 
characteristics can be obtained from experiment or 
calculations based on the Maxwell Gamett (MG) mixing 
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formalism [6,7]. The resultant ftequency characteristic might 
be of a complex shape corresponding to a combination of a 
number of absorption peaks. The approximation is made by a 
series of Debye-like terms. Every term corresponds to its pole, 
i.e., the frequency where the maximum loss occurs. 
The proposed approach for approximating frequency 
Characteristics of mixtures based on MG theory is 
straightforward, when volumetric fractions and constitutive 
parameters of a base material and inclusions are known. 
However, typically, this is not the case. Application of a 
genetic algorithm (GA) to recover the frequency dependences 
of material properties starting from S-parameter measurements 
was described in [8]. In [9, lo], the simple method for 
extracting constitutive parameters of materials based on S- 
parameter measurements, transmission line theory, and the 
genetic algorithm (GA) is developed. The S-parameters of an 
experimental fixture containing a sample of a material are 
measured using a vector network analyzer. This fixture is 
designed on the base of a transmission line (parallel-plate, 
stripline, microstrip, or a section of a coaxial line) in such a 
way that only the TEM (or quasi-TEM) mode propagates. At 
the same time, an adequate mathematical model of the 
dispersive transmission line is developed. In the initial step, 
the character and the corresponding parameters of dispersion 
curves are guessed based on some "a priori" knowledge. The 
measured data are compared with those of the analytical 
results. Then, the GA is used to restore the Debye constants 
and the corresponding amplitudes for the terms in the series 
approximating the corresponding frequency dependences. 
' 
Il. MAXWELL GARNETT FORMULAS FOR MULTIPHASE 
coMPosITEs 
There are many effective media theories (EMT) allowing 
homogenization of non-homogeneous dielectric and/or 
magnetic media [ll-131. To characterize electromagnetic 
properties of composite media, it is important to know the 
electromagnetic parameters of a host (or matrix or base) 
material and inclusions. However, homogenization of a 
mixture is always an approximation. Macroscopic parameters, 
such as an effective permittivity, can be used only if the 
sources and fields are varying slowly, such that the 
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characteristic size of scattering particles is small compared to 
the wavelength in the effective medium. Thus, time appears 
only in the field expressions. However, retardation effects are 
contained in the susceptibility kernels: variation of the fields is 
considered to be slow, while the material response could be 
fast. 
TABLE 1. DEPOLARUAT~ON FACTORS FOR ELLIPSOIOS 
The simplest and the most common approximation is the 
MG model for spherical inclusions [6,7]. For a mixture of a 
base material with permittivityEh, and spherical inclusions 
with permittivity&, , the effective permittivity is [6,7] If the inclusion particles are spheroids, two of the three 
depolarization factors are equal. Choosing N ,  = N ,  = N , one 
can get N ,  = 1 - 2 N .  For N < 1/3, the spheroids are oblate, for 
113 < N < 112 the spheroids are prolate. In!mducing the axial 
axis a = A,,”, ’A,,,  , the 
depolarization factors are calculated as [15, 171 
( I )  
3f(Ex - &h + &k ) 
Eeff = E k  + 
l - f ( & s - & b ) I ( E x + % k ) ’  
where f = novo is the volume fraction occupied by the 
inclusions ( v0 is a volume of a single scatterer, and no is a 
Ofthe minor axis to the 
-oblate; 
(5) 
concentration, or the number of scatterers per unit volume). 
For a multiphase mixture, the MG formula is [7] 
N = 
3Eh -prolate. Tf,(&, - E h ) p  
,=I E, +3Eh 
E<ff = E h  + (2) 
For an electrodynamically isotropic multiphase mixture 
with inclusions in the form of arbitrary ellipsoids randomly 
oriented, the following mixing formula [7] 
,=, E, -k 2Eh 
where f; = n,v, is the volumetric h t i o n  occupied by the 
inclusions of the i-th type ( v i  is a volume of a scatterer of the 
i-th type, and n,is a number of i-th scatterers per unit 
volume). 1 “ 
E, ‘t,(‘# - & k ) i  ,=I +Nu(&? -Eh)  , (6) 
3 ,=I 
3 N, 
= E h  i 
l - ~ ~ f ; ( & ’ - E b ) ~ E k + N , ( ~ , - & ~ )  ,=I 
The static field inside ellipsoidal inclusions is also 
uniform, but the effective permittivity functions include 
depolarization factors [I4]. Thus, if all the ellipsoids are Of 
equal form for a single type of inclusions, that is, having equal 
factors are calculated as [7, IS], 
be used, where N ,  are depolarization factors ofthe i-th 
with A,,,,~ then the phase, and j =1,2,3. This formula can contain different kinds 
of ellipsoid forms of the same phase. 
m. REPRESENTATION OF EFFECTIVE DISPERSIVE 
(3) SUSCEPTIBILIN AS AN ANALYTICAL FUNCTION 
In general, constitutive parameters of phases in mixtures 
are the complex functions of frequency. For definiteness, 
consider dielectric with perminivity for the base and 
inclusions as 
A, A, A, ds ~ 
N i  = 
0 2 ( S + ~ , 2 ) 3 ’ 2  . ( s + ~ , j ) 1 ’ 2  . ( S + ~ ; ) ” 2  ’ 
where index i stands for the current depolarization factor to be 
calculated, and the indicesj and k correspond to the two other 
depolarization factors. The depolarization factors satisfy the 
equation E k ( j @ =  &-k + x h ( j @ ;  
E, (io) = E, + x, (id. m i N ,  =1. (41 
,=I 
where &mk,, are high-frequency (“optical”) responses for the 
Depolarization factors for some particular cases of base material and for inclusions of the i-th type, respectively; 
ellipsoids -the canonical geometries, such as disks, cylinders, and, xh,i ( jU)  are the corresponding frequency-domain 
and spheres, are represented in Table I [16]. 
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susceptibility functions. Because of the linearity of the MG 
formula, the resultant effective permittivity of the mixture can 
be represented in a'similar form, 
gefl ( i w )  = + xsf ( j 4  (8) 
A frequency-dependent susceptibility function that satisfies 
the Kramen-Kronig causality relations [ 1.51 can be represented 
as an analytical (rational) function, i.e., in the form of a ratio 
of two polynomials, 
Coefficients,$ and B, can be found by the method of 
undetermined coefficients. 
Substituting (7) and (8) in the MG formula (6), the 
formula for the effective susceptibility frequency-domain 
function can be obtained as 
X#@=€&@-E,,=&(i@+ 
' E h  
3 
z@- &*+nip.- where n 2 m ,  and the coefficients p, and q,are real 
numbers. Note that the coefficient for the (JO)" -term can 
always be set equal to 1 by dividing the numerator and 
denominator hy q o .  
l i t  
/-I 1.1 %+flf% 
It can be shown that if partial susceptibilities of the phases 
are analytical functions, then the resultant effective It is not difficult to show that (13) is an analytical function, 
susceptibility, obtained from the MG formula, is also an i.e., it can be represented as a ratio of polynomials of complex 
analytical function. This analytical function can always be 
resolved uniquely into a sum of partial fractions of the form 
argument JO. Therefore, the susceptibility can be written as 
where b' - 4c < 0,  and k, I €  N.  In general case, k and I might 
be greater than 1, so that the poles are multiple, and the 
resonant frequencies of the different phases coincide. 
However, herein only the case of k = I  = 1 will be considered. 
Therefore, two cases are possible, depending on the type of the 
poles, or roots in the denominator [IS]. 
1) If the equation Q(jw)  = 0 has only simple imaginary roots 
a,, i = l,2 3, then 
where the coefficients A, = I, P(a ) and in the denominator 
QYa, )
2) If all the roots are simple and complex, then the fraction is 
resolved as 
The analytical function (14) can be subjected to the 
recursive convolution procedure in numerical time-domain 
algorithms, such as FDTD, when incorporating frequency- 
dependent composite media. 
w. APPLICATION OF A GENETIC ALGORITHM FOR 
DETERMWING DEBYE-LIKE TERMS 
The effective time-domain susceptibility of a mixture of 
two or more dispersive dielectrics can be represented as a 
linear combination of partial impulse responses of every 
phase. As it was shown in [19], the relaxation time of a 
mixture of Debye dielectrics turns out to be smaller than any 
partial relaxation time, i.e., the relaxation time of inclusions or 
the base. As a consequence, the resultant frequency 
characteristic of a mixture is wider than any of the partial 
Debye curves. This result is expected kom the point of view 
of physics, since an actual shape of the dispersion curve is 
formed by the spread in the parameters of the dispersion of 
individual scatterers. This is true, for example, for the Cole- 
Cole [20], Cole-Davidson [21], or generalized Havriliak- 
Negami [22,23] dispersion laws, used mainly for polymeric 
materials and understood as an assembly of Debye scatters 
with some distribution of the loss constant, thus, describing a 
smoother dispersive behavior than that of the Debye law. 
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However, the direct implementation of the above generalized 
law in FDTD is cumbersome, since the corresponding time- 
domain responses contain special functions, and can have 
different forms for different exponentials a and ,9 in the 
frequency-domain representations [23]. An advantage of 
application of the MG model is that it allows for substituting 
these laws with a superposition of simple Debye-like terms. 
This substantially simplifies modeling of composite polymeric 
media using the standard recursive convolution procedure in 
the FDTD technique. 
Herein, a method of approximating a resultant frequency 
characteristic of a mixture with a number of Debye-like terms 
using a genetic algorithm (GA) is proposed. The schematic of 
this procedure is shown in Figure 1. The GA is used for a 
global search of optimum coefficients ( A , , T , )  in 
representation of the dispersive curves obtained from the 
mixing MG formula, if the parameters of ingredients are 
known. Before running the GA process, the number of terms 
in the series should be defined. Most likely, the number of 
phases in a mixture will determine the number of terms in the 
series. Then the modeled (calculated) effective medium 
permittivity is an objective function. The criterion of 
comparison, that is, the acceptable discrepancy over the 
frequency range of interest between two curves, i.e., one 
obtained from the effective medium theory, and the other 
approximated using current coefficients from the pool of 
search, must be also defmed. 
A similar procedure can be used for approximating any sort 
of experimentally measured frequency characteristic, then the 
measured frequency dependence will be an objective function, 
and the parameters (A, ,  r, ) will be restored using the genetic 
algorithm. An optical limit value E,, and the Debye 
constant(s) Z, are extracted using a CA, while the effective 
static dielectric constant E ,  di can be directly calculated using 
(6) for static dielectric constants of mixture phases. 
Below are some examples for mixtures of ethanoV water, 
sadwater,  as well as an aluminum-filled composite. The 
Debye parameters of water, ethanol, and sand are listed in the 
Table 2. Herein, water is considered as the base material, 
while ethanol and sand are the inclusions. The GA-extracted 
data for Debye-like terms in the series (1 1) for ethanol-water 
and sand-water mixtures are listed in Table 3, and the 
corresponding frequency dependences are shown in Figures 2 
(a,b) and 3 (a,b). The CA-extracted Debye constants for the 
mixture almost do not change compared to the Debye 
constants of phases, while static and optical “permittivities” 
change significantly. The parameters of two Debye-like terms 
for approximating the wideband Lorentzian (WBL) behavior 
of a fiber-filled composite are also represented in Table 3. The 





[19] 80.1 4.9 1.01~10-” 
[I91 25.1 4.4 1.2~10‘” 
[24] 2.79 2.53 5.89.10~’” 
d Resultant series 
TABLE U. PARAMETERS OF THE DEBYE DIELECTRICS 
TABLE U. REPRESENTATION OF FREQUENCY DEPENDECES OF 
MIXTURES A  TWO DEBYE-LIKE T RMS 
This is a composite dielectric with the polymer matrix of 
E, = 2.15 filled with an aluminum powder with the diameter 
of particles of 10-15 p n  (considered as spheres) and their 
concentration of 10%. This material behaves as a wideband 
Lorentzian (WBL) [25] modeled herein as a subtraction of the 
two Debye-like terms. The FDTD modeled and measured 
lS21(Ol for a parallel-plate geomehy with a layer of this 
composite are represented in Figure 5. There is a good 
agreement in the range 40 MHz - 7.5 GHz (within 2 dB); 
however, at higher frequencies the FDTD modeled 1S2,(f) 
parameter is about 10 dB greater that the measured. In this 
example, a 0.8-mm thick sheet of this material is placed 
between two copper plates with the dimensions of 100 mm x 
75 nun. Ports 1 and 2 have the coordinates (15, 63) and (65, 
35) in mm, respectively. The mesh for FDTD modeling was 
0.5 nun x 0.16 nun x 0.5 mm. 
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(a) 
Freauenwl&l 
Figurs 2. Fnqucocy characteristic of (a) the real and (b) the h K U W j  panS of 
effechve pmniUNrY of ethanol and water mixture 
Freauencv l e 1  
Figure 3. Frequency chsraclaislic of (a) the M I  and @) the imaginarY paRs of 
c5wIive psmiuivity of sand and water mixture 
(b) 
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(b) 
Figure 4. Fnqucncy characleri& of (a) the rcal and (b) &e imam p”ts of 
c5=1ivc penaidivity of composite aluminum-filled WmpSiW 
313 
Frequency (GHz) 
Figure 5 .  Mcasured and FDTD modeled IS2,l frequency dependence for an 
aluminum-filled composite. 
V. CONCLUSIONS 
In this paper, the effective time-domain susceptibility of a 
multiphase dispersive composite in the form convenient for 
FDTD modeling is represented. A frequency characteristic of 
a mixture can be obtained from experiment or calculations 
based on Maxwell Garnett formalism. It might be of a 
complex shape. Approximation of a resultant frequency 
characteristic is made by a series of Debye-like terms, the 
parameters of which are restored using a genetic algorithm. 
Some numerical results are shown. 
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